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ABSTRACT: In this paper, we study neutrosophic of some triple relations or neutrosophic triple set (NTS) and related
to the homomorphism groups. Various properties like equivalent relation, product, intersection, and the union are
studied. We showed several equivalent relations in group theory with new examples about neutrosophic homomorphism.
Finally, some definitions, examples, and other remarks of neutrosophic of these relations are given.
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1. INTRODUCTION

In 1980, Smarandache introduced new notion in mathematics is called neutrosophic theory. In
neutrosophic, we consider the main principal which is named logic where approach to the truth T,
indeterminacy I, and the falsity F. Indeterminacy deals with fuzzy theory and others theories. All facts about
fuzzy set in [1]. W. B. Vasantha Kandasamy and Florentin Smarandache introduced more concepts like
neutrosophic group, neutrosophic rings and neutrosophic semigroups. In [2] and [3], to find more results and
information about neutrosophic relations. In [4], shwed some new results of neutrosophic multiplication
module with some properties of neutrosophic set. Salama and Alblowi, 2012 [5], studied Neutrosophic set
and neutrosophic topological space. Neutrosophic Groups and Subgroups in [6]. Soft neutrosophic semigroup
and their generalization in [7]. Single valued neutrosophic mappings defined by single valued neutrosophic
relations with applications in [8]. Neutrosophic BCK-algebra and Q-BCK-algebra [9]. Some results of
neutrosophic topological rings [10]. More details about the relations and some applications in [11-14] This
paper is about to introduced neutrosophic of relations in group theory like homomorphism and equivalent
relations such as reflexive, symmetric and transitive.

2. PRELIMINARIES

This section is about some of the various definitions, remarks and some basic properties which are
used later in this notion. Also, we recall more facts related to neutrosophic sets [4, main paper].

Definition 2.1. [15] Let X # ¢ be a set. Any set which is generated by X and I is called neutrosophic
and denoted by X(I). Or let S be a collection of points with an element in S like b. A neutrosophic set B in S
is truth function Tg, Indeterminacy function Ig and falsity function Feg.

Ts(a), Is(a) and Fg(a) are real and subsets of [0, 1] which written as:

B={< b, (Ts(b), Is(b), Fe(b)) >: b € Q, T(b), I(b), F(b), € [0, 1]}.

Remark 2.2. We can say:

0 < Tg(b) + Ig(b) + Fe(b) < 3.

Definition 2.3. Suppose that Q be a universe. We define a neutrosophic triple set NTS(B) on Q by
the following:

B={<b, (Ts"?3 (b), Ig¥?2 (b), Fg'2% (b)) >: b € Q} where Tg'?? (b):Q—[0, 1], Ig¥?*%(b):Q—[0, 1],
F1235 (b):Q—[0, 1].

Remark 2.4.

1) 0< TBi(b) + |B'(b) + FB'(b) 3i=1, 2, 3 and Tsl(b) < TBZ(b) < TBS(b), b e Q.

2) NTS(Q) refers to the set of all neutrosophic triple sets on Q.

3) a) Assume that B and C belong to neutrosophic triple set of Q. Then, the following statements
are holds:

a) If T'(b)=1 and Isi(b)=0= F&i(b), b € Q, so B named universal neutrosophic set Q.

b) B is neutrosophic subset of C (BS C) when:

Tei(b)< Tci(b), 1s'(b)> Ic!(b) and Fgi(b)> Fcl(b), b € Q.

Definition 2.5. B* is complement of B such that:

B*={<b, (Fs'23(b), 123 (b), Te¥?>3 (b)) >: b € Q}.
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3.  OPERATIONS OF NST(Q)

In this section, we present more properties of neutrosophic set with several examples.
Remark 3.1.

a) Assume that B and C belong to neutrosophic triple set of Q. So,
BuC={<b, (T gUc 23 (b), I gUc *?3 (b), FgUc 1?3 (b)) >: b € Q}.
Ts!(b)v Tci(b)= Teuc'(b)

|Bi(b)V |ci(‘b): |BUCi(b)

Fe'(b)v Fc'(b)= Fguc'(b)

b) BNC= {<b, (Tenc 123 (b), Isnc 123 (b), Fenc 123 (b)) >:beQ}.
TBi(b)AT(?i(b): TBO'C '(b)

|B'(b)V |c'(_b): IBﬁCI(b)

FB'(b)V Fc'(b): Fsnc '(b)

¢) B+C={<b, (Ts:c 123 (b), lg+c 123 (b), Fe+c 123 (b)) >:b e Q}.
Tig(b)+ Tic(b) - T's(b). T'c(b) = T'asc (b)

Iig(b). I‘Q(b): IiBTc(b)

F'a(b). Fic(b)= Fla:c (b), b €Q, i=1, 2, 3.

d) Bx C={<b, (T1'2’3 axc (D), 1123 gyc (b), F1235.c (b)) >:b e Q}.
Remark 3.2.

'I_'inc(b)_= Tis (b). Tic(b)

|'|_3(b)+ |'c(b)= |'Bx_c(b) _ _

F'z (b)+ F'c(b) - F's(b). Fic(b = F'exc (b), b €Q, i=1, 2, 3.

Now we study some types of neutrosophic relations. We define and describe all properties of BxC
as a cartesian product.

Definition 3.3.

Suppose that we have two non-zero of NTS(Q) with i=1, 2, 3. So the cartesian product of B and C
is named neutrosophic triple sets inside QxQ:

Bx C={<(b, ¢), (Tinc (b, c), I'axc (b, c), Fiaxc (b, ©)) >: (b, c) € QxQ}

where

Texc' (b, c)=min{ T's (b, ¢), T'c (b, ¢)}

I'axc (b, ¢) =max {l's (b, ¢), I'c (b, ¢)}

Fiexc(b, ¢)=max{ Fig(b, c), Fic (b, ¢)}, b, ¢ € BxC, i=1, 2, 3.

Remark 3.4.

Bx C={<(b, ¢), (T'axc(b, ), I'exc(b, ), Fiaxc(b, )) >: (b, ¢) € QxQ}, i=1, 2, 3 with

Tiaxc : QxQ— [0, 1].

Note that we define a triple product of neutrosophic triple sets by the following:
Definition 3.5.

Let B, C and D are non-zero sets of neutrosophic triple sets: i € {1, 2, 3}. The neutrosophic triple
direct product of B, C and D in QxQxQ:

Bx C xD :{<(b, C, d), (Tl' 23 BxCxD (b, C, d), |t23 BxCxD (b, C, d), FL23 Bxch(b, C, d)) > (b, C, d) €
QxQx Q}, i=1, 2, 3 with

Texcxo' (b, ¢, d) =min {T'g(b, ¢, d), T'c (b, ¢, d), Tin(b, c, d)}

Iexexn ' (b, ¢) =max {I's (b, ¢, d), I'c(b, ¢, d), I'p (b, c, d)}

Flaxcxp (0, ¢) =max {F'g (b, ¢, d), F'c(b, ¢, d), F'p (b, c, d)}, b, c € BxC, i=1, 2, 3.

Definition 3.6.

Let B, C, D € NTS(Q) and let Ry, Rz and R3 be three neutrosophic triple relations from (Bx C)
—D. Then we define (R1UR2)UR3, (RlnRz)nRs, (R1+R2) +R3 and (R1XR2)XR3 by the fO”OWing:
(R1UR2)UR3:{<((b, C), d), TL 2.3 (R1UR2)UR3 ((b, C), d), It 23 (R1IUR2)UR3 ((b, C), d), Fl. 23
®1Ur2Urs3((b, ), d) >: ((b, ), d) € Q}.

Remark 3.7.
T' R1URURs (0, €), d) =T 'riUra(b, ¢) V T 'rs(C),

I R1UR2)Urs ((b, €), d) =I"r1Ura(b, ¢) A T' g3 (C),

F' ®RiUr2)Urs((b, €), d) =F' r1Ur2(b, ¢) A F'rs(c), for all (b, ¢), d is belonging to Q, i=1, 2. 3.
(R10R2)0R3:{<((b, C), d), TL23 (RlnRZ)URS((b7 C), d), |t.23 (R1nR2)nR3((b, C), d),

F123 riNrgyNrs((b, €), d) >: ((b, c), d) € Q}.

Remark 3.8.
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T RiNRyNR3((D, €), d) =T 'riNr2 (b, ¢) AT 'r3(C),

I reNRr2)NR3 ((b, €), d) =1"r1NR2 (b, ¢) VT 'rs(C),

F! (RlnRz)nRg((b, C), d) =1 FRlnRz(b, ¢)VF ! R3(C), for all (b, c), dis belonging to Q, i=1, 2. 3.
(Ri+R2)+Rs={<((b, ¢), d), T 23 risra)srs (b, €), d), 1" %3 (Rr1sr2)+r3((b, €), d), F¥ 23 risro)+r3 (D, C),
d) >: ((b, ), d) € Q}.

R_emark 3.9. ' _
T'R1+r2) +r3 (b, €), d) =T'rasr2(D, €) ~T'r3(C),

I'Ri+r2) + R3 (b, €), d) =I"R1+Rr2(b, ). T'r3(C),

Fl(ri+r2) +r3 (b, €), d) =F'r1+r2 (b, ). F'rs(c), for all (b, ¢), d is belonging to Q, i=1, 2. 3.

(R1XR2) XR3={<((b, C), d), TL23 (R1XR2) XR3 ((b, C), d), - 2’3(R1XR2) XR3 ((b, C), d), FL 2'3(R1XR2) XR3
((b, ¢),d) >: ((b, c),d) € Q}.

Remark 3.10.

T_i(RlxRZ) xr3((b, ), d) :T_i riXr2(b, C). TiR3(C),

I'R1XR2) X rs (0, €), d) =I'r1XRr2(D, C) -1"rs(C),

Fl(riXr2) Xr3 ((b, €), d) =F 'riXr2 (b, €) - F'ra(c), for all (b, ¢), d is belonging to Q, i=1, 2. 3.

Note that if $=S1, Sz, S3 in neutrosophic triple sets of €, so any two neutrosophic triple sets under
composition. Suppose that R1(S1—S;) and R2(S;—Ss) is a two neutrosophic, we can define Ry°R;
and it is neutrosophic triple relation from S; to Ss:

R22Ro=-{<(a,c), (T*?? raer2 (@, €), (I'r2er2 (@, €), 1?2 roer2 (&, C€), (FY?3raer2 (a, €)))>: @, C EQ}.
Remark 3.11.

Tror2 (&, €)=Vy{ Tra(a, b) ATire(b, €)}

IJRZORZ (a, C):Vy{p}q_l(a, b) V|JR_2(b, 0)}

Frorz (8, €)=Vy{Fri(a, b) VFRra(b, c)} forall (a,c) e Q x Q,y € Q, i=1, 2, 3.

Neutrosophic equivalent relation:

1. T'ra(a, @)=1, I'ri(a, @)=0 and Flri(a, a)=0, a belongs to Q, then this relation is reflexive.

2. I1fF T Rl(a, b): T Rl(b, 3.), |le (a, b):| le(b, a) and Fle(a, b):Fle(b, 3.) Vabe Q, then this
relation R is symmetric.

3. If R°RCR, then R is transitive.

4. If R satisfies (1), (2) and (3), then R is called neutrosophic triple equivalence.

5. If R=RUR2URS, then R is transitive closure of neutrosophic triple relation.

Definition 3.12.

Let R be a neutrosophic triple relation (R: S1—S). So, the inverse neutrosophic triple relation
(INT) is R

R1={<(a, b), (T'r(a, b), Vr(a, b), Fr(a b): (a, b) € Q x Q}.

Remark 3.13.

Tir(a, b) =T (b, a)

g1 (a, b)) = I (b, a)

Fir(a, b)) =Fr (b, a),j=1, 2, 3.

4. NEUTROSOPHIC DOMAIN AND THE CODOMAIN (NCOD)b

Let S; and S, be two sets with neutrosophich trible relation R has order pair (a, b). So the
neutrosophic domain of R (NDR) is:

NDR={<a:(a, b), T"%3p(a, b), 1¥23p(a, b), F+23p(a, b)) >: (a, b) € Q}.

Also, we can present neutrosophic of the codomain (CD) by the following:

NCDR={<a:(b, a), T*23cp (b, a), 1¥23cp (b, a), F+23¢p (b, a)) >: (b, a) € Q}.

Example 4.1.

Let S;={1, 2, 9} and S,={1, 3, 7}:

1) If neutrosophic triple relation R is NR={(1, 1), (3, 3)}, then NDR={1, 3} and NCODR={1, 3}.
2) IFR={(1, 3), (1, 7), (2, 3), (2, 7)}, then NDR={1, 2} and NCODR={3, 7}.

3) ITR={(2, 1), (9, 1), (9, 3), (9, 7)}, then NDR={2, 9} and NCODR={1, 3, 7}.

Definition 4.2.

The neutrosophic triple identity relation on S is {(a, a):a€Q} and:

NID =={<a:(a,a), T23wp(a a), I"?>*nip(a a), F 23\ (a, ) >: (a, a) € Q}.

Example 4.3.
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The neutrosophic triple empty set is the subset itself. It is clearly neutrosophic triple irreflexive not
neutrosophic triple reflexive.

Example 4.4.

Consider the neutrosophic triple relation R on S={1, 2, 3, 4} and defined by:

R={(1, 1), (2, 3), (2, 4), (3, 3), (3, 4)}. Note that (2, 2) ¢ Rand (1, 1) € R, so the neutrosophic triple
relation is neither reflexive nor irreflexive. Also, we have (2, 3) € R but (3, 2) ¢ R, then R is not
neutrosophic triple relation symmetric. On the other hand, if we have a#b, then only one of the
following true:

@ b)egR, (b,a)¢R,(ab)€eRor(b,a)eR.

5. NEUTROSOPHIC HOMOMORPHISM GROUP

Definition 5.1.
Let (G, *) be a group. If < GUI >={a+bl}: a, b € G}, then (< GU I >, *) is called neutrosophic
group, where G, | are generators of NG.
Definition 5.2.
The neutrosophic homomorphism f (denote by Nf) between two groups Gi and G is:
Nf:NG1—NG: 3 N(f(a*b))=N(f(a)*N(f(b))
Definition 5.3.
The neutrosophic triple homomorphism can define by:
N(f(a*b))={<a: (a*b), (T*?% (a, b), 1?3 (a, b), F*>%(a, b)>: a, b € G} where:
T'i(a, b)=T'(a)*T'(b),
I'(a, b)=I'(@)*I'(b),
Fir(a, b)=F'i(a)*F'i(b), i=1, 2, 3.
Example 5.4.
Let NGi=(< GiU I >) and NG.= (< GxuI >) be two neutrosophic groups with neutrosophic
identity elements Nes; and Ney, respectively. Then
Nf: (GiU I >) —( GoU I) define by:
N(f(a*b))=Ne;
=Ne; o Ne,
=N(f())°N(f(b)).
Hence the neutrosophic triple identity homomorphism is:
N(f(a*b))= T+?3¢(a*b):
T(a*b)= T'g(a)-T's(b)
=Ney°Ne,
=Neo,
I'i(a*b)= I'y(a)I'¢(b)
=Ney°Ne,
=Ney,
Fir(a*b)= F'a)°F'r(b)
=Nez°Ne;
=Ne,.

Some Applications :

Proposition 5.5.

Let (Gy, +) —(G2-{0}, .) be a homomorphism group and let f(a)=22. Then f is a neutrosophic triple
homomaorphism.

Proof: Let N(f(a))=2% Then

Tlf(a+b): -|-1,2.3f (a) -|-1,2.3f (b):2a+b:2a_2b ,

If(a+b)= 1223 (a). 1?3 (b)=23*0=22.2° and

Fr(a+b)= F*23 (a). F*23 (b)=23"0=232°,

Thus, Then f is a neutrosophic triple homomorphism.

Proposition 5.6.

Let (Z, +) be a group of integer numbers and let (Z,, +n) be the group of integer numbers modulo n.
If f: (Z, +) — (Zn, +n) be @ homomorphism groups defined by f(a)=[a], then f is neutrosophic triple
homomorphism.

Proof: Clear that

Te(a, b)={<a ,(a, b), T+23¢(a, b), 1¥23¢(b, a), F~23¢(b, a)) >: (b, a) € Q}=
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[a+b]=T¥23¢(a, b)=T- 23 (a)+ T>23¢(b),

[a+b]= I 2,3f(a’ b)= | 2,3f(a)+ It 2’3f(b),

[a+b]= F123¢(a, b)= F- 2 3¢ (a)+ F: 2 3¢(b).

Proposition 5.7.

The pair (hom G, °) where (°) denotes functional composition, forms a semigroup with identity.
Proof: feg={<(a, b), (T*?3¢4(a, b)), (I"*3e(a, b)), (F*23 rg(a, b))>: a, b € G}, where

{(T ee(@, D))={ (T re(@)* (T'ee(a)},

{(V re(a, 0))={ (P o(a)* (1 £e(a)},

{(F re(a 0))={ (F re(@)* (F re(a)}
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